A Potential Reduction Method for Canonical Duality, with an Application
  to the Sensor Network Localization Problem by Latorre, Vittorio
ar
X
iv
:1
40
3.
59
91
v2
  [
ma
th.
OC
]  
24
 O
ct 
20
14
Noname manuscript No.
(will be inserted by the editor)
A Potential Reduction Method for Canonical
Duality, with an Application to the Sensor Network
Localization Problem
Vittorio Latorre
Received: date / Accepted: date
Abstract We propose to solve large size instances of the non-convex opti-
mization problems reformulated with canonical duality theory. To this aim we
propose an interior point potential reduction algorithm based on the solution
of the primal-dual total complementarity (Lagrange) function. We establish
the global convergence result for the algorithm under mild assumptions and
demonstrate the method on instances of the Sensor Network Localization prob-
lem. Our numerical results are promising and show the possibility of devising
efficient interior points methods for non-convex duality.
Keywords Interior Points Methods · Canonical duality theory · Global
Optimization · Sensor Localization Problem
1 Introduction
We want to introduce a framework to solve the following saddle point problem:
min
x∈Rn
max
σ∈Rm
Ξ(x, σ) =
1
2
xTG(σ)x − F (σ)Tx− V ∗(σ), s.t. G(σ)  0 (1)
Where  indicates that G is positive semidefinite, G(σ) is a n× n symmetric
matrix such that the map G(σ) : Rn → Rn×n is positive semidefinite convex,
that is:
G(tσ1 + (1− t)σ2)  tG(σ1) + (1− t)G(σ2), ∀σ1, σ2 ∈ R
m, ∀t ∈ (0, 1).
V ∗(σ) is a convex and two times continuosly differentiable function in σ. it is
easy to notice that Problem (1) is convex in x for every σ such that G(σ)  0
and it is concave for every σ.
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Such problem arises from the reformulation of non-convex optimization
problems in Canonical Duality Theory. Canonical duality is a methodology to
formulate the dual of non-convex optimization problems without any duality
gap between the stationary points of the primal problem and the stationary
points of the dual problem. The interest in canonical duality is not only due
to the absence of duality gap, but also for the possibility to define global opti-
mality conditions for many of such non-convex optimization problems. In the
recent years, canonical duality theory has been applied in biology, engineering,
sciences [10,25], and recently in network communications [11,22], radial basis
neural networks [14], constrained optimization [15], and mechanics [16].
In spite of its theoretical prowess and range of applications, there are few
results regarding the numerical solution of problems formulated with canonical
duality theory. In [25] several mid-sized instances of the maximum cut problem
are solved, to a maximum of 500 variables, with good performances in terms of
speed, however no convergence result is given. A convergence result is given in
[27], however not only the assumptions on the convergence are rather strong,
but also the reported computational experience is not exhaustive and only
few small/mid sized problems are presented. In a more recent work on the
application of canonical duality theory to Quasi-Variational Inequalities [17],
the authors reformulate problem (1) as a monotone Variational Inequality
(VI) and are able to solve high dimensional problems with several thousand
of variables, without giving any convergence result, but suggesting that the
methodology could have some interesting proprieties.
In this paper we partially resume the approach presented in [17]. We con-
sider the Karush-Kunt-Tucker conditions of the monotone variational inequal-
ity associated with (1), reformulate the problem as a system of constrained
equations and then apply an interior point method. Our main contributions
consist in:
– A general interior point method for finding a solution of problem (1) which
convergence result can be achieved under mild assumptions;
– A numerical testing on problems with several thousands of variables, which
solutions are reached efficiently.
The framework we present is quite general. However, for many non-convex
problems reformulated with canonical duality, it is possible to simplify the
feasible set and use linear constraints instead of matrix constraints. Such mod-
ification greatly reduces the computational burden on the algorithm. Showing
that such simplifications are possible in the proposed framework is another
contribution of this paper.
The approach we consider is a potential reduction algorithm based on the
damped Newton method reported in [6] and [19]. The framework of this algo-
rithm rests on six main assumptions on the operator, the feasible set and the
potential reduction merit function. The convergence result easily follows once
it is proved that the proposed methodology satisfies these assumptions. The
same framework has been applied to Generalized Nash Equilibrium Problems
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[4] and more recently to Quasi-Variational Inequalities [5], providing in both
cases new important benchmarks to solve these problems.
The proposed approach is tested on instances of the Sensor Network Lo-
calization (SNL) problem [2,3,13,24]. Such problem arises in monitoring and
controlling applications using wireless sensor networks such as inventory man-
agement and gathering environmental data. The problem is also related to
distance geometry problems arising in predicting molecule structures and to
graph rigidity. SNL consists in locating N sensors of unknown position know-
ing the positions of Na sensors, called anchors, and the sensor-sensor, sensor-
anchor distances. The methods to solve this problem are based on semidefinite
programming relaxations, but in many cases these relaxations are not good
enough to give a satisfying solution. Such problem can also be reformulated
as a non-convex least squares optimization problem [20], but the presence of
many local minima makes the global solution difficult to find with traditional
local search approaches.
The SNL problem was studied with canonical duality in [22], where the
global optimality conditions are reported, but with limited numerical experi-
ence. The importance and the difficulty of SNL problem, especially for large
sized instances, makes it suitable to test the presented framework. Further-
more, as we already mentioned, it is possible to show that the approach can
be adapted to the particular proprieties of the SNL problem.
The paper is organized as follows. In the next Section we introduce a brief
review on canonical duality, in order to make clear the motivations of this pa-
per and the wide range of problems to which the proposed framework can be
applied. In the first part of Section 3 we reformulate problem (1) as a system
of equations, while in the second part we briefly report the key assumptions
of the framework introduced in [19] and present the interior point method
together with its convergence proprieties and the boundedness of the gener-
ated sequence. In Section 4 we analyze the application of canonical duality
to the SNL problem, and show how the general framework can be adapted to
solve this problem efficiently. In Section 5 we report the numerical results on
large size instances of the SNL problem. Finally in Section 6 we report the
conclusions.
Notation. For a given subset of S of Rn we let int S, cl S, and bd S denote,
respectively, the interior, the closure and the boundary of S; Given a set A we
indicate with |A| the number of elements in A. If the mapping H : Rn → Rn
is differentiable in a point x in its domain, the Jacobian matrix of H at x is
denoted JH(x).
The set of real matrices with n rows and m columns is defined as Rn×m;
the set of n− dimensional squared and symmetric matrices is denoted as Sn;
given a matrix A, we denote with aij its element on the i
th row and jth column.
The inner product defined on the set Rn×n of squared matrices is given by
X • Y = tr(XTY ), (X ;Y ) ∈ Rn×n,
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where “tr” denotes the trace of a matrix. This inner product induces the
Frobenius norm for matrices given by
‖X‖F =
√
tr(XTX), X ∈ Rn×n.
Given a mapping F (x, Y ) : Rn × Sn → Rn × Sn defined as:
F (x, Y ) =
(
g(x, Y )
h(x, Y )
)
,
with g(x, Y ) : Rn × Sn → Rn and h(x, Y ) : Rn × Sn → Sn, a vector x¯ ∈ Rn
and a matrix Y¯ ∈ Sn, with a small abuse of notation we define the product
between the mapping and the elements of Rn × Sn as:
F (x, Y ) • (x¯, Y¯ ) = g(x, Y )T x¯+ h(x, Y ) • Y¯ .
The subsets of Sn consisting of the positive semidefinite and positive definite
matrices are denoted by Sn+ and S
n
++ respectively. For two matrices A and B
in Sn, we write A  B if A−B ∈ Sn+; similarly, A ≻ B means A−B ∈ S
n
++;
furthermore we define  and ≺ such that A  B if −A  −B and A ≺ B if
−A ≻ −B. Rn+ ⊂ R
n denotes the set of nonnegative numbers in Rn; Rn++ ⊂ R
n
denotes the set of positive numbers in Rn; sta{f(x) : x ∈ X} denotes the set
of stationary points of function f in X ; diag(a) denotes the (square) diagonal
matrix whose diagonal entries are the elements of the vector a; vect{A} denotes
the vector ∈ Rn
2
such that the first n elements are the elements in the first
column of A, the elements from n + 1 to 2n are the elements in the second
column of A and so on till the last n elements that correspond to the elements
in the nth column of A; ◦ denotes the Hadamard (component-wise) product
operator; 0n denotes the origin in R
n, likewise 0n×m denotes the origin in
R
n×m. If no index is indicated, the dimension of 0 is deduced from the context;
1n denotes the vectors of all ones in R
n; In denotes the identity matrix in R
n×n.
2 Brief Review on Canonical Duality
Canonical duality theory is composed mainly of 1) a canonical transformation;
2) a complementary-dual principle; 3) a triality theory. This theory can be
demonstrated by solving the following general non-convex problem:
(P) : min
x∈Rn
{
P (x) =W (x) +
1
2
xTAx− cTx
}
,
where W (x) is a general non-convex term in the objective function, A ∈ Sn
and c ∈ Rn. The key idea of canonical dual transformation is to choose a
certain geometrically reasonable non-linear measure or operator:
ξ = Λ(x) : Rn → Ea ⊆ R
m
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such that the non-convex functional W (x) can be rewritten as
W (x) = V (Λ(x)) = V (ξ) : Ea → R, (2)
where V is a convex function in ξ. Consequently the primal problem can be
rewritten in the following form:
min
x∈Rn
{
P (x) = V (Λ(x)) +
1
2
xTAx− cTx
}
.
As V (ξ) is convex and differentiable, it is possible to apply the Legendre
transformation and define its Legendre conjugate:
V ∗(σ) = sta{ξTσ − V (ξ) : ξ ∈ Ea}, V
∗(σ) : Sa → R,
Where σ is the dual variable defined as
σ = ∇V (ξ) : Ea → Sa ⊆ R
m, (3)
and the feasible set Sa is:
Sa =
{
σ : sta{ξTσ − V (ξ) : ξ ∈ Ea} <∞
}
.
By the proprieties of the Legendre transformation, V ∗(σ) is uniquely defined
and convex, furthermore the Fenchel-Young equality in convex systems holds:
ξTσ = V (ξ) + V ∗(σ), (4)
together with the following two relations:
σ = ∇V (ξ)⇔ ξ = ∇V ∗(σ).
By exploiting the Fenchel-Young equality, it is possible to recast the primal
problem P (x) as
Ξ(x, σ) = Λ(x)Tσ − V ∗(σ) +
1
2
xTAx − cTx,
which is the Total Complementarity Function in canonical duality. It is possible
to show that if the operator Λ(x) is chosen linear, this function corresponds
to the Lagrangian function, therefore Ξ(x, σ) is also regarded as the extended
Lagrangian in non-convex optimization.
In many real-world applications, the geometrically nonlinear operator Λ(x)
is usually a quadratic function, say
Λ(x) =
{
1
2
xTCkx− x
T bk
}m
: Rn → Ea ⊂ R
m. (5)
In the following we present the transformation for a general quadratic operator
to simplify the exposition. However the theory can be easily extended in the
case of convex and non-convex operators by the use of the sequential canonical
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dual transformation [9]. With operator (5) the total complementarity function
can be reformulated as:
Ξ(x, σ) =
1
2
xTG(σ)x − F (σ)Tx− V ∗(σ), (6)
G(σ) = A+
m∑
k=1
Ckσk, F (σ) = c+
m∑
k=1
σkbk.
The dual is obtained by exploiting the stationarity conditions of (6) in the
primal variable:
∇xΞ(x, σ) = 0n ⇒ x = G(σ)
−1F (σ),
and substituting the newfound value in the total complementarity function:
P d(σ) = −
1
2
F (σ)TG(σ)−1F (σ) − V ∗(σ). (7)
We now report the properties of the obtained dual formulation.
Theorem 1 (Complementarity-Dual Principle [9]) The function P d(σ)
is canonically dual to P (x) in the sense that if σ¯ is a critical point of P d(σ)
then the vector:
x¯ = G−1(σ¯)F (σ¯) (8)
is a critical point of P (x) and
P (x¯) = Ξ(x¯, σ¯) = P d(σ¯).
Conversely, if x¯ is a solution of P (x), it must be in the form (8) for a critical
solution σ¯ of P d(σ).
The result of this theorem clearly states that there is no duality gap between
the critical points of the primal and the corresponding critical points in the
dual problem, even if the primal problem is non-convex. Theorem 1 has ex-
tensive applications in nonconvex analysis and global optimization [10]. Note
that the feasible set Sa is not convex, then in order to identify the extremality
property of the critical solutions and the global optimality conditions, we need
to introduce the following subsets of Sa:
S+a = {σ ∈ Sa| G(σ)  0}, S
−
a = {σ ∈ Sa| G(σ) ≺ 0}.
Theorem 2 (Triality Theory [8]) Given a critical point (x¯, σ¯) of Ξ(x, σ),
the following three extremality conditions hold:
1. Global Optimum: The critical solution x¯ is the unique global minimizer
of P (x) if and only if σ¯ ∈ S+a is the global maximizer of P
d(σ) on S+a i.e.
min
x∈Rn
P (x) = P (x¯) = Ξ(x¯, σ¯) = P d(σ¯) = max
σ∈S+a
P d(σ). (9)
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2. Local Maximum: if σ¯ ∈ S−a then σ¯ is a local maximizer of P
d(σ) on its
neighborhood So ⊂ S
−
a if and only if x¯ is a local maximizer of P (x) on its
neighborhood Xo ∈ R
n, i. e.
max
x∈Xo
P (x) = P (x¯) = Ξ(x¯, σ¯) = P d(σ¯) = max
σ∈So
P d(σ).
3. Local Minimum: if σ¯ ∈ S−a and n = m then σ¯ is a local minimizer of
P d(σ) on its neighborhood So ⊂ S
−
a if and only if x¯ is a local minimizer of
P (x) on its neighborhood Xo ∈ R
n, i. e.
min
x∈Xo
P (x) = P (x¯) = Ξ(x¯, σ¯) = P d(σ¯) = min
σ∈So
P d(σ).
The result reported in equation (9) clearly shows the global optimality condi-
tions. The original non-convex primal problem is reduced to the maximization
of the dual function P d(σ) on the convex set S+a . Furthermore it easy to notice
from the (7) that the dual is concave on S+a , therefore the resulting problem
is convex.
The other two results in Theorem 2 are the conditions for two particular
stationary points in the primal, that is the local maximum with the highest
value of the objective function and the local minimum with the highest value of
the objective function among the stationary points. Finding these stationary
points can have several application in physics and chemistry [9], however such
issues are outside the scope of this paper.
Remark 1 The Total Complementarity Principle (Theorem 1) states that x¯
is a stationary point of the primal if and only if there exists a corresponding
stationary point σ¯ in the dual and there is no duality gap between the primal
and dual functions in these two points. Therefore the absence of duality gap
implies the stationarity of the primal-dual solution and viceversa.
A similar result is also given in linear and convex optimization with the Strong
Duality Theorem. As a matter of facts, strong duality states that if there exists
a couple of primal and dual variables (x˜, σ˜) such that there is no duality gap
between them, then x˜ is the (global minimum) solution of the primal problem
and σ˜ is the (global maximum) solution of the dual problem. In other words
Theorem 1 can be considered the generalization of the Strong Duality Principle
in convex optimization. The main difference between the results of these two
theorems is that in non-convex optimization stationarity does not correspond
to global optimality, because of the presence of several stationary points that
could be local minima, local maxima or even saddle points.
It is also important to underline that Weak Duality does not hold on the entire
primal-dual feasible set. As a matter of facts it is easy to notice that if x¯ is the
global minimum, the value of the primal function in x¯ is smaller than the value
of the dual function in any point σˆ that corresponds to a local stationary point
in the primal. However, with the results reported in Theorem 2, it is possible
to see that Weak Duality holds in S+a , that is:
P (x) ≥ P d(σ), ∀x ∈ Rn, σ ∈ S+a .
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The fact that both Strong and Weak Duality hold in S+a naturally gives the
global optimality conditions for the primal problem. Furthermore it is im-
portant to underline that Strong Duality holds on the entire feasible set,
while Weak Duality holds only in a subset. This is probably due to the non-
convexities of the original problem.
3 Potential Reduction Algorithm for Canonical Duality
3.1 Reformulation of the Problem as a System of Constrained Equations
By the results of Theorem 2 it is possible to find the global solution of Prob-
lem (P) by different approaches. One approach is to directly solve the dual
formulation on S+a , but this method has several faults:
– It is necessary to calculate the inverse of matrix G(σ) every time the ob-
jective function is evaluated, and such operation could be necessary several
times per iteration;
– the inverse matrix operation can become even more time expensive or
generate errors in the case G(σ) is ill-conditioned or it is not full rank;
– if the algorithm that solves the dual problem fails to converge to a good
enough approximation of a stationary point, it is difficult to retrieve infor-
mations on the corresponding point in the primal problem.
For these reasons we propose a method that exploits the information available
on both the primal and dual problems and search for a saddle point of the
total complementarity function in S+a , that is exactly the problem in the form
of (1).
As we said in the introduction, our approach consists in solving the follow-
ing canonical saddle point problem:
min
x∈Rn
max
σ∈Rm
Ξ(x, σ) =
1
2
xTG(σ)x − F (σ)Tx− V ∗(σ) s.t., G(σ)  0, (10)
by reformulating it as the problem of finding the solution of a monotone vari-
ational inequality on a convex set [6]:
Γ (x, σ) = 0, G(σ)  0, (11)
where Γ : Rn+m → Rn+m is defined as:
Γ (x, σ) =
(
∇xΞ(x, σ)
−∇σΞ(x, σ)
)
.
The operator Γ is monotone because Ξ(x, σ) is convex in the primal variables
for σ ∈ S+a and it is concave for all σ ∈ Sa [21], while the set of positive definite
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matrices is a convex cone. We want to find a solution of (11) by solving the
Karush-Kunt-Tucker (KKT) conditions associated with the problem, that is:
ΓL(x, σ, L) =
(
∇xΞ(x, σ)
−∇σΞ(x, σ) −∇σ(L •G(σ))
)
= 0n+m
L •G(σ) = 0, L  0, G(σ)  0,
(12)
Where L ∈ Sn+ is the matrix of the Lagrangian multipliers. Problems can arise
when searching for the solution of (11) when there are KKT points located
on the boundary of the feasible set. As a matter of facts, a point satisfying
conditions (12) with L 6= 0 does not correspond to a saddle point of the total
complementarity function Ξ(x, σ). In other words we are interested in KKT
points which matrix of multipliers L is equal to 0n×n.
To this aim, we reformulate the conditions (12) as a system of Constrained
Equations (CE) and propose an interior point method specifically designed to
solve this system of Constrained Equations and send the matrix of Lagrange
multipliers to zero. We introduce the matrix W ∈ Sn+ of slack variables and
consider the CE(H,Ω) system:
H(z) = 0, z = (x, σ, L,W ) ∈ Ω (13)
Where H : Ω → S with Ω = Rn+m×Sn+×S
n
+ and S = R
n+m×Sn+×S
n
+×S
n
+,
is defined as
H(x, σ, L,W ) =

ΓL(x, σ, L)Φ(σ, L,W )
L

 (14)
with Φ(σ, L,W ) defined as:
Φ(σ, L,W ) =
(
W −G(σ)
(LW +WL)/2
)
.
The last set of equations in (14), forces the matrix of Lagrange multipliers to
go to zero when the algorithm reaches convergence, assuring that the solution
of CE(Ω,H) is a saddle point of (10).
3.2 Key Assumptions and Convergence Result
In this section we present the conditions which the operatorH and the feasible
set Ω must satisfy together with a suitable potential reduction function in
order to assure the convergence to a solution of the (13). The framework we
use is the same as the one presented in [6] and [19]. This framework is based
on six main assumptions that we report here for convenience.
Given the set Ω, operator H and a potential function p : int S → R, the
following assumptions must be satisfied by a potential reduction method in
order to assure convergence to a solution of the CE(Ω,H).
(A1) the closed set Ω has a nonempty interior.
(A2) there exists a closed set S ⊆ Rn+m × Sn+ × S
n
+ × S
n
+ such that
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1. 0 ∈ S;
2. the open set ΩI = H
−1(int S) ∩ int Ω is nonempty;
3. the set H−1(int S) ∩ bd Ω is empty
(A3) H is continuously differentiable on ΩI , and JH(x) is full rank for all
x ∈ ΩI
(A4) for every sequence {uk} ⊂ int S such that:
either lim
k→∞
‖uk‖ =∞ or lim
k→∞
uk = u¯ ∈ bd S\{0}
we have:
lim
k→∞
p(uk) =∞.
(A5) p is continuously differentiable in its domain and u • ∇p(u) > 0 for all
nonzero u ∈ int S.
(A6) there exists a nonzero vector o ∈ S and a scalar β¯ ∈ (0, 1] such that:
u • ∇p(u) ≥ β¯
(o • u)(o • ∇p(u))
‖o‖2
, ∀u ∈ int S.
In the following theorems we show that operator H and the feasible set Ω
satisfy the aforementioned assumptions with the choice of a suitable potential
reduction function.
Theorem 3 suppose that V (Λ(x)) is differentiable in x and that V ∗(σ) is
twice differentiable in σ, then the set Ω and the operator H in (14) satisfy
conditions (A1)-(A3).
Proof Condition (A1) is trivially satisfied, also condition (A2).1 holds. The
point (0n+m, In, In) belongs to both ΩI and int Ω, therefore condition (A2).2
holds. From condition
(LW +WL)/2
we can define the following set:
U = {(L,W ) ∈ Sn++ × S
n
++ : LW +WL ∈ S
n
++}
it has been proved in lemma 1 of [18] that
U = {(L,W ) ∈ Sn+ × S
n
+ : LW +WL ∈ S
n
++}.
This alternative representation implies the (A2).3. Finally condition (A3) is
satisfied because of the assumption on V ∗(σ) and ∇V (Λ(x)). ⊓⊔
Theorem 4 the potential function p : S → R defined as:
p(a,B,C,D) = η log(‖a‖2 + ‖B‖2F + ‖C‖
2
F + ‖D‖
2
F )−
log(det(B))− log(det(C)) − log(det(D)),
(15)
where η ≥ 2n, satisfies assumptions (A4)-(A6), with o = (0n, In,0n×n,0n×n)
and β¯ < 1/3
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Proof It can be easily noticed that the value of p goes to ∞ as the sequence
{ak, Bk, Ck, Dk} approaches the boundary of the feasible set. Considering that
‖Z‖F =
√
tr(ZTZ), then ‖Z‖2F is the sum of the squares of the n eigenvalues
of Z and that det(Z) is the product of said eigenvalues, we have:
p(a,B,C,D) = η log
(
n+m∑
i=1
‖a‖2 +
n∑
i=1
b2i +
n∑
i=1
c2i +
n∑
i=1
d2i
)
−
n∑
i=1
log bi −
n∑
i=1
log ci −
n∑
i=1
log di
Where bi = 1, . . . , n, ci = 1, . . . , n and di = 1, . . . , n are the eigenvalues of B,
C and D respectively. Also considering that n log (
∑n
i=1 ui) ≥
∑n
i=1 log ui +
n logn it is possible to write:
p(a,B,C,D) >
(
2η
3n
− 1
)( n∑
i=1
log bi +
n∑
i=1
log ci +
n∑
i=1
log di
)
,
therefore assumption (A4) is satisfied for η > 32n. If we define:
τ = ‖a‖2 + ‖B‖2F + ‖C‖
2
F + ‖D‖
2
F ,
it is possible to write the derivative of the potential function p as:
∇p(a,B,C,D) =


2η
τ
a
2η
τ
B −B−1
2η
τ
C − C−1
2η
τ
D −D−1


,
we have
(a,B,C,D) • ∇p(a,B,C,D) = 2η − 3n > 0,
and thus Assumption (A5) holds. For Assumption (A6), considering that
(trZ)2 ≤ n‖Z‖2F and n
2 ≤ (trZ−1)(trZ) we have:
[∇p(a,B,C,D) • (0n, In,0n×n,0n×n)][(a,B,C,D) • (0n, In,0n×n,0n×n)]
‖(0n, In,0n×n,0n×n)‖2F
=
2η
n
tr(B)2
τ
−
tr(B−1)tr(B)
n
≤
2η
n
tr(B)2
‖B‖2F
−
tr(B−1)tr(B)
n
≤
2η − n <
1
β¯
(2η − 3n) =
1
β¯
[(a,B,C,D) • ∇p(a,B,C,D)].
⊓⊔
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We let:
z = (x, σ, L,W ), ψ(z) = p(H(z)),
and report the following method that follows the same scheme of the interior-
point method presented in [19]:
Algorithm 1: CPRA: Complementarity Potential Reduction
Algorithm
(S.0): Choose z0 = (x0, σ0, L0,W 0) ∈ Ω, δ0 > 0, γ ∈ (0, 1), β¯ <
1/3, ǫ > 0, and set k := 0.
(S.1): If ‖Γ (x, σ)‖2 < ǫ: STOP
(S.2): Choose a scalar βk ∈ (0, β¯) and find a solution d
k =
(dxk, dσk, dLk, dW k) of the following linear least squares problem:
min
d
{
1
2
∥∥∥∥Q(zk, d) +H(zk)− βk oTH(zk)‖o‖2 o
∥∥∥∥
2
}
.
where:
Q(zk, d) =


∇2xxΞ(x
k, σk)dx+∇2xσΞ(x
k, σk)dσ
−∇2xσΞ(x
k, σk)dx −∇2σσΞ(x
k, σk)dσ +∇σL(L
k •G(σk))dL
dW −G(dσ)
(dL)W k +W k(dL) + Lk(dW ) + (dW )Lk
dL


(S.3): find a step size αk such that
zk + αkd
k ∈ Ω
and
ψ(zk + αkd
k) ≤ ψ(zk) + γ∇ψ(zk) • dk
(S.4): Set zk+1 = zk + αkd
k, k ← k + 1, and go to (S.1).
Algorithm 1 is a modified, damped version of the Newton method. At Step
(S.0) the initial values of the variables and parameters are set. In order to
assure the feasibility of z0, it generally suffices to put a large enough positive
value of σ0, such that G(σ0) ≻ 0. At Step (S.1) there is the stopping criterion
that assures the the final point is a good enough approximation of a stationary
point of Ξ(x, σ). At Step (S.2) the modified newton direction is calculated.
As the linear system is not squared, the least-squares solution to the system of
equations is returned. One of the main features of the algorithm is the presence
of the vector o that bends the direction toward the interior of the feasible set.
It is important to underline that the calculated direction at every iteration is
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unique for Assumption (A3) and always a descent direction of ψ(·) in zk as
shown in the following theorem:
Theorem 5 Suppose that conditions (A5) and (A6) hold. Assume also that
z ∈ ΩI , d
k = (dxk, dσk, dLk, dW k) ∈ Rn+m × Sn+ × S
n
+ and β ∈ R are such
that
H(z) 6= 0, 0 ≤ β < β¯,
dk = argmind
{
1
2
∥∥∥Q(z, d) +H(z)− βk oTH(z)‖o‖2 o∥∥∥2
}
,
(16)
Where o ∈ S and β¯ ∈ [0, 1] are as in condition (A6). Then dk is a descent
direction for ψ(·) in z, that is ∇ψ(z) • dk < 0
Proof We introduce the following vector in Rn+m+3n
2
:
Hˆ(z) =


ΓL(x, σ, L)
vect{W −G(σ)}
vect{(LW +WL)/2}
vect{L}

 . (17)
The Jacobian of Hˆ(z) is the following (n+m+ 3n2)× (n+m+ 2n2) matrix:
JHˆ(z) =


∇2xxΞ(x, σ) ∇
2
xσΞ(x, σ) 0n×n2 0n×n2
−∇2xσΞ(x, σ) ∇
2
σσΞ(x, σ) C
T 0m×n2
0n2×n C 0n2×n2 In2
0n2×n 0n2×m Wen Len
0n2×n 0n2×m In2 0n2×n2

 . (18)
Where:
Wen =


W + Inw11 Inw12 · · · Inw1n
Inw21 W + Inw22 · · · Inw2n
...
...
. . .
...
Inwn1 Inwn2 · · · W + Inwnn

 , (19)
Len =


L+ Inl11 Inl12 · · · Inl1n
Inl21 L+ Inl22 · · · Inl2n
...
...
. . .
...
Inln1 Inln2 · · · L+ Inlnn

 , (20)
and C ∈ Rn
2×m is ∇σL(L • G(σ
k))T . Let u ≡ Hˆ(z), if we consider dˆk ∈
R
n+m+2n2 , solution of the following least squares problem:
dˆk = argmin
d
{
1
2
∥∥∥∥(Ju)d+ u− βk oˆTu‖oˆ‖2 oˆ
∥∥∥∥
2
}
(21)
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where oˆ has been suitably changed from o to match the dimension of Hˆ(z),
it is easy to notice that dˆk is equivalent to dk, solution of the least squares
problem in (16), in the following sense:
dˆk =


dxk
dσk
vect{dLk}
vect{dW k}

 .
Furthermore, if we define:
∇ψˆ(z) =


∇xψ(z)
∇σψ(z)
vect{∇Lψ(z)}
vect{∇Wψ(z)}

 , ∇pˆ(u) =


∇xp(H(z))
∇σp(H(z))
vect{∇Lp(H(z))}
vect{∇W p(H(z))}

 ,
for the symmetry of the matrices involved in the calculations, we have:
∇ψ(zk) • dk = ∇ψˆ(z)T dˆk, ∇ψˆ(z) = JuT∇pˆ(u).
Another propriety of dˆk is that it satisfies the normal equations of (21):
dˆk =
(
JuTJu
)−1
JuT
(
βk
oˆTu
‖oˆ‖2
oˆ− u
)
. (22)
Therefore, from the assumptions of the theorem and by exploiting the (22) it
is possible to obtain:
∇ψˆ(z)T dˆk = ∇pˆ(u)T (Ju)dˆk
(22)
= ∇pˆ(u)TJu
(
JuTJu
)−1
JuT
(
βk
oˆTu
‖oˆ‖2 oˆ− u
)
= ∇pˆ(u)TJuJu−1(JuT )−1JuT
(
βk
oˆTu
‖oˆ‖2 oˆ− u
)
= ∇pˆ(u)T
(
βk
oˆTu
‖oˆ‖2 oˆ− u
)
≤ −∇pˆ(u)Tu(1− βk
β¯
)
= −∇p(H(z)) •H(z)(1− βk
β¯
)
(A5)
< 0,
where with Ju−1 and (JuT )−1 are the Moore Penrose pseudo inverses of Ju
and JuT respectively. The third equality derives from the propriety:
(AB)−1 = B−1A−1,
valid for the Moore Penrose pseudo inverse in the case we are considering (in-
terested readers can refer to [12]). The last equality follows from the definition
of Hˆ(z) and pˆ(u).
⊓⊔
At step (S.3) the potential function (15) is used to measure the progress of
the algorithm. Finally at Step (S.4) the value of k is updated and the loop is
completed.
It is possible to observe that the sequence generated by Algorithm 1 nec-
essarily belongs to Ω. We now present the convergence result:
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Theorem 6 Let {zk} be the sequence generated by Algorithm 1, then:
(a) the sequence {H(zk)} is bounded;
(b) any accumulation point of {zk}, if it exists, solves CE(Ω,H);
(c) limk→∞H(z
k) = 0;
(d) the sequence {zk} = {(xk, σk, Lk,W k)} is bounded.
Proof The proof of statements (a) and (b) follows from Theorem 3 of [19].
In order to prove the (c) we first have to prove the (d), that is the bounded-
ness of {zk}. To prove the boundless of {zk} we have to prove the boundedness
of the sequences {xk}, {σk}, {Lk} and {W k}. The boundedness of {Lk} is a
direct consequence of the boundedness of {H(zk)}.
To prove the boundedness of the sequences {xk} and {σk} we use the
operator Γ . In detail, from the (3) and (6) we obtain:
∇xΞ(x, σ) = G(σ)x − F (σ), (23)
−∇σΞ(x, σ) = σ −∇V (Λ(x)). (24)
It is easy to see that if one of the two sequences goes to infinity while the
other converges, ‖Γ (xk, σk)‖ → ∞ contradicting the (a).
We consider the case in which {xk} and {σk} go to infinity simultaneously.
if {xk} is unbounded, the sequence {Λ(xk)} could either converge or go to
infinity. Considering that V (Λ(x)) is convex and differentiable in Λ(x) that is a
non-linear operator in x, if ‖Λ(xk)‖ → ∞, ‖∇σΞ(x
k, σk)‖ → ∞ contradicting
the (a), therefore {Λ(xk)} converges. If the sequence {Λ(xk)} converges to
a finite value and ‖σk‖ → ∞, from the (24) we have ‖∇σΞ(x
k, σk)‖ → ∞
contradicting the (a), then {σk} converges, and also {xk} converges. Finally
if we suppose that {W k} → ∞, from the boundedness of {σk} and constraint
W −G(σ) we obtain the desired contradiction with the (a).
The (c) is a direct consequence of conditions (b) and (d). ⊓⊔
4 Canonical Duality for the Sensor Network Localization Problem
We consider the problem withN sensor andNa anchors in a space of dimension
dim. For such network, the sensor localization problem consists in locating the
n = N∗dim unknown coordinates of the sensors that match the given distances
h between the sensors and the e distances between the sensors and the anchors.
Let ρ > 0 be a radio range. A sensor i is in range to another sensor j if their
euclidean distance hij is not greater than ρ. If such distance is greater than ρ,
the two sensors do not influence each other. The same reasoning is valid for
a sensor-anchor pair and their distance eik. For this reason we introduce the
following two sets:
Ah = {(i, j) : ‖x˜i − x˜j‖ ≤ ρ, i 6= j} ,Ae = {(i, k) : ‖x˜i − ak‖ ≤ ρ} ,
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Where x˜ indicates the real positions of the sensors and a indicates the known
positions of the anchors. Therefore, the unknown location of the sensors can
be found by solving the following system of equations in the variable x:
‖xi − xj‖ = hij , (i, j) ∈ Ah
‖xi − ak‖ = eik, (i, k) ∈ Ae.
This system of equations can be solved for small dimensional problems, how-
ever such method is not practicable when the number of sensors is large. A
way to formulate the same problem is by the following non-linear least squares
optimization problem [20]:
min
x∈Rn

P (x) = 12
∑
(i,j)∈Ah
(
‖xi − xj‖
2 − h2ij
)2
+
1
2
∑
(i,k)∈Ae
(
‖xi − ak‖
2 − e2ik
)2 .
(25)
The value of such optimization problem is zero only if the value of x corre-
sponds to the real locations of the sensors.
It has been shown [22], that by choosing the non-linear operators:
ξhij = Λij(x) = ‖xi − xj‖
2,
ξeik = Λik(x) = ‖xi − ak‖
2,
from Rn into
Eh = {ξ
h
ij ∈ R
|Ah| : ξhij ≥ 0},
Ee = {ξ
e
ik ∈ R
|Ae| : ξeik ≥ 0},
and introducing the quadratic functions Vh : Eh → R and Ve : Ee → R such
that:
Vh(ξ
h) = 12
∑
(i,j)∈Ah
(ξhij − h
2
ij)
2,
Ve(ξ
e) = 12
∑
(i,j)∈Ae
(ξeik − e
2
ik)
2,
the following duality relations are invertible:
ςhij =
∂Vh(ξ
h)
∂ξh
ij
= ξhij − h
2
ij , (i, j) ∈ Ah,
ςeik =
∂Ve(ξ
e)
∂ξe
ik
= ξeik − e
2
ik, (i, k) ∈ Ak,
(26)
where ςh and ςe are the dual variables. The Legendre conjugates of the two
convex functions are defined by:
V ∗h (ς
h) =
∑
(i,j)∈Ah
1
2 (ς
h
ij)
2 + h2ijς
h
ij ,
V ∗e (ς
e) =
∑
(i,k)∈Ae
1
2 (ς
e
ik)
2 + e2ikς
e
ik.
By the Fenchel-Young equality in convex programming we have:
Vh(ξ
h) = (ξh)T ςh − V ∗h (ς
h),
Ve(ξ
e) = (ξe)T ςe − V ∗e (ς
e),
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and the generalized complementarity function can be written as
Ξ(x, ςh, ςe) =
∑
(i,j)∈Ah
ςhij
(
‖xi − xj‖
2
)
+
∑
(i,k)∈Ae
ςeij
(
‖xi − ak‖
2
)
−
V ∗h (ς
h)− V ∗e (ς
e)
=
1
2
xTG(ςh, ςe)x− F (ςh)Tx− V ∗h (ς
h)− V ∗e (ς
e)
(27)
where:
F (ςe) =
[
Na∑
k=1
2a1,kς
e
1k · · ·
Na∑
k=1
2adim,kς
e
1k · · ·
Na∑
k=1
2a1,kς
e
nk · · ·
Na∑
k=1
2adim,kς
e
nk
]T
,
G(ςh, ςe) = 2(diag(F1(ς
h)) + diag(F2(ς
e)) +G3(ς
h)), (28)
with
F1(ς
h) =


∑N
i=1 ς
h
1i
...∑N
i=1 ς
h
1i
...∑N
i=1 ς
h
ni
...∑N
i=1 ς
h
ni


, F2(ς
e) =


∑Na
k=1 ς
e
1k
...∑Na
k=1 ς
e
1k
...∑Na
k=1 ς
e
nk
...∑Na
k=1 ς
e
nk


, (29)
G3(ς
1) =


−ςh11Idim · · · −ς
h
1nIdim
...
...
...
−ςhn1Idim · · · −ς
h
nnIdim

 ,
where ςhij = 0 if (i, j) 6= Ah and ς
e
ik = 0 if (i, k) 6= Ae. By exploiting the critical
conditions ∇xΞ(x, ς
h, ςe) = 0 we obtain the formulation of the dual problem:
P d(ςh, ςe) = −
1
2
F (ςe)TG(ςh, ςe)F (ςe)− V ∗h (ς
h)− V ∗e (ς
e). (30)
For notational convenience we make the following change of variables σ =
(ςh, ςe), σ ∈ Sa ⊆ R
m, where m = |Ah|+ |Ae| and V
∗(σ) = V ∗h (ς
h) + V ∗e (ς
e).
The global optimality conditions are a direct consequence of Theorem 2:
Theorem 7 If σ¯ ∈ S+a is a critical point of the canonical dual function P
d(σ)
then the vector x¯ = G−1(σ¯)F (σ¯) is the global optimal solution to the primal
problem P (x) and
min
x∈Rn
P (x¯) = min
x∈Rn
max
σ∈S+a
Ξ(x¯, σ¯) = max
σ∈S+a
P d(σ).
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The solution can be found by applying Algorithm 1 to solve the monotone
variational inequality:
Γ (x, σ) = 0, G(σ)  0, (31)
as explained in the previous section. However, as we said in the introduction,
for the sensor network localization problem it is possible to simplify the feasible
set. From the (26) it follows that if (x¯, σ¯) is a stationary point of Ξ(x, σ) then:
ς¯hij = ‖x¯i − x¯j‖
2 − h2ij , ∀(i, j) ∈ Ah,
ς¯eik = ‖x¯i − ak‖
2 − e2ik, ∀(i, k) ∈ Ae.
These conditions impose that the vector of dual variables σ¯ corresponding to
the global minimum of the primal problem x¯ is such that
σ¯ = 0m.
This observation, and the fact that Rm+ ⊂ S
+
a , makes possible to replace con-
strain G(σ)  0 by σi ≥ 0 for all i = 1, . . . ,m , and problem (31) can be cast
as:
Γ (x, σ) = 0, σi ≥ 0, ∀i = 1, . . . ,m. (32)
As we said in the introduction, for many formulations obtained by canonical
duality, the constrain on the matrix G(σ) can be simplified, therefore the gen-
eral potential reduction framework can be adapted to create faster and simpler
algorithms. Constrain G(σ)  0 corresponds to introduce n2 constraints while
only m ≤ n2 dual variables are introduced. It is probable that no more than m
constrains should be introduced for problems reformulated with canonical du-
ality. That is, in most reformulations the constraint G(σ)  0 can be replaced
by simpler constrains.
One of the main difficulties of the problem (32) is that the solution is lo-
cated on the boundary of the dual space. As a matter of the facts the algorithm
could experience slow convergence when approaching to the boundary. There-
fore we change the constraints σi ≥ 0, ∀i = 1, . . . ,m in σi+δ ≥ 0, ∀i = 1, . . . ,m
and decrease the value of δ by multiplying it for a constant γ2 ∈ (0, 1) at ev-
ery iteration, in order to assure that the algorithm converges in S+a . To solve
problem (32) we simplify the (13) in the following CE system:
Hδ(z) = 0, z = (x, σ, λ, w) ∈ Ω (33)
WhereH : Ω → S with Ω = Rn+m×Rm+×R
m
+ and S = R
n+m×Rm+×R
m
+×R
m
+ ,
is defined as:
Hδ(x, σ, λ, w) =


∇xΞ(x, σ)
−∇σΞ(x, σ) + λ
w − σ + δ
w ◦ λ
λ

 ,
Where λ ∈ Rm are the Lagrangemultipliers and w ∈ Rm are the slack variables
associated with the constraints. System (33) is far more simple than system
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(13) and the fact that we have to handle linear constraints instead of a matrix
constrain also increases efficiency. Given the potential function:
p(a, b, c, d) = η log(‖a‖2+‖b‖2+‖c‖2+‖d‖2)−
m∑
i=1
(log(bi) + log(ci) + log(di)) ,
we let
ψδ(z) = p(Hδ(z)),
and report the potential reduction algorithm for canonical duality applied to
the SNL problem:
Algorithm 2: CPRAS: Complementarity Potential Reduction
Algorithm for Sensor Network Localization
(S.0): Choose z0 = (x0, , σ0λ0, w0) ∈ Ω, δ0 > 0, γ1 ∈ (0, 1), γ2 ∈
(0, 1), ǫ > 0, o = (0n+m,1m,0m,0m), and set k := 0.
(S.1): If ‖Γ (x, σ)‖2 < ǫ: STOP
(S.2): Choose a scalar βk ∈ (0, 1) and find a solution dk of the fol-
lowing linear least squares problem
min
dk
{
1
2
∥∥∥∥JHδk(zk)dk +Hδk(zk)− βk oTHδk(zk)‖o‖2 o
∥∥∥∥
2
}
.
(S.3): find a step size αk such that
zk + αkd
k ∈ Ω
and
ψδk(z
k + αkd
k) ≤ ψδk(z
k) + γ1∇ψδk(z
k)Tdk
(S.4): Set zk+1 = zk+αkd
k, δk+1 = γ2δ
k, k ← k+1, and go to (S.1).
Algorithm 2 is a particular version of Algorithm 1, therefore it can be easily
proved that it has the same convergence proprieties.
5 Numerical Experience
In this section we present the numerical experience of the proposed method-
ology to the sensor network localization problem. The problems we analyze
comprehend both 2-Dimensional and 3-Dimensional large size networks. The
numerical experiments are performed on a 3.4 GHz Quad core intel i7-3770
cpu with 16 GB of RAM using Matlab 7.12.0(R2011a) in a Windows 7 envi-
ronment.
Through the numerical experiments we generate the sensors randomly in
the unit square [0, 1]2 for 2-Dimensional problems or the unit cube [0, 1]3 for
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3-Dimensional problems. The number of sensors ranges from 500, 1000, 1500,
2000 to 2500. For 2-Dimensional problems the radio range is set to 0.5 and
the number of anchors is 4, while for 3-Dimensional problems the radio range
is 1 and the number of anchors is 8. The anchors are positioned at the corners
of the unit square or the unit cube. In order to calculate the accuracy of the
solution we adopt the root square distance:
RMSD =
(
1
N
N∑
p=1
‖x˜p − x
∗
p‖
2
)1/2
,
Where x˜ and x∗ indicate the real and calculated positions of the sensors respec-
tively. In the numerical experiments, each type of test problem is generated
five times changing the random seed for the sensors locations and then tested.
In order to better understand the results of the proposed methodology and
to have a comparative benchmark, we also solved the instances of the SNL
problem using the ESDP formulation proposed in [1,26] which code can be
downloaded from http://www.stanford.edu/~yyye/Col.html. ESDP is an
edge based semidefinite programming relaxation for the 2-Dimensional SNL
problem. The code in Matlab generates the relaxed formulation and then calls
SeDuMi in oder to find a solution. SeDuMi [23] is a solver written in C for
optimization problems with linear, quadratic and semidefinite constraints with
a Matlab interface.
The parameters in Algorithm 2 are: η = n+4m2 , δ
0 = 0.3 with γ2 = 0.9, the
initial point is the vector of all ones for the primal variables and the vector of
all tens for the dual variables. The stopping parameter is set to ǫ = 10−10, in
order to have a comparative accuracy with ESDP. The parameters in ESDP
are set to their standard settings while the value of the degree is set to 3. In
Table 1 we report:
– The dimension of the problem;
– The number n of primal variables;
– The average number m of dual variables;
– The average number of iterations for CPRAS to reach a solution. We re-
mind the reader that every iteration corresponds to solving a large size
least squares problem, that consists in one of the main time consuming
tasks of the algorithm. The problem is solved by using the lsqr function in
Matlab;
– the average RMDS of CPRAS on the five instances;
– The average time in seconds of CPRAS on the five instances.
– the average RMDS of ESDP on the five instances;
– The average time in seconds of ESDP on the five instances.
In Table 1 it is possible to notice that the algorithm is able to converge to a very
accurate solution for large sized problems with almost 50000 variables in less
than 350 seconds. The smallest analyzed instances with almost 10000 variables
are solved in roughly 15 seconds, and the time needed to reach a solution
seems to quadruple every time the number of primal variables is doubled. It is
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CPRAS ESDP
Dim n m Iter RMDS Time(s) RMDS Time(s)
2D 1000 8639 14 9.65E-08 16.2 2.82E-07 40.6
2D 2000 17645 15 8.51E-08 56.6 5.13E-07 109.4
2D 3000 26643 17 7.33E-08 125.8 3.42E-07 160.3
2D 4000 35659 18 6.78E-09 236.1 1.58E-04 328.1
2D 5000 44664 18 1.40E-08 337.4 3.45E-05 370.7
Table 1 Results of the proposed methodology to the sensor network localization problem
on 2-Dimensional instances of different sizes compared with ESDP.
also interesting to notice that the number of iterations to satisfy the stopping
criterion increases very slowly with the increase of the number variables and
that the precision of the algorithm is not affected by the increased size of the
problem.
From the numerical results it is possible to notice that Algorithm 2 is capa-
ble of obtaining better accuracy than ESDP, especially for large sized instances.
The comparison of the CPU times between the two algorithms is somewhat
more problematic. As a matter of facts, CPRAS is written in Matlab, an in-
terpreted language, and even if one of its main computational burdens, the
solution of the least squares problem, is carried out rather efficiently with the
function lsqr, it is expected to go slower than SeDuMi, an algorithm written
in an high efficiency code such as C. Nevertheless we also report in Table 1
the CPU times because they could be of interest to the readers. These results
show that even in its prototypical implementation, CPRAS compares really
well to ESDP with SeDuMi. In detail, the interior point algorithm is capable
to reach the solution faster than the benchmark in both smaller and bigger
instances.
Dim n m Iter RMDS Time(s)
3D 1500 11760 15 3.31E-08 32.5
3D 3000 23762 18 2.86E-08 135.1
3D 4500 35757 19 2.28E-08 280.3
3D 6000 47757 19 2.00E-08 480.5
3D 7500 59766 21 2.12E-08 776.8
Table 2 Results of the proposed methodology to the sensor network localization problem
on 3-Dimensional instances of different sizes.
In Table 2 we report the results of CPRAS on 3-Dimensional SNL in-
stances. The results show that Algorithm 2 is able to solve instances with
almost 70000 variables in less than 1000 seconds. The behavior of the algo-
rithm is quite similar to the case of 2-Dimensional instances, however it can
be noticed that 3-Dimensional problems are more difficult to solve than 2-
Dimensional problems, because instances with roughly the same number of
variables take more iterations and time to reach the solution.
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In many sensors network localization problems the measurements on the
distances are affected by noise. The presence of noise greatly complicates prob-
lem (25). Therefore we report some tests effectuated on sensor network local-
ization problem where the distances are affected by noise in order to test the
robustness of the algorithm on more complicated instances. Given a noisy
factor α, the distances are perturbed in the following way:
dˆij = max{(1 + ανij), 0.1}‖x¯i − x¯j‖, (i, j) ∈ Ah
eˆik = max{(1 + ανik), 0.1}‖x¯i − ak‖, (i, k) ∈ Ae
where νij and νik are chosen from the standard normal distribution.
In Table 3 and 4 we report the results on several networks of different sizes
with noisy factor α = 0.001 for 2-Dimensional and 3-Dimensional problems.
CPRAS ESDP
Dim n m Iter RMDS Time(s) RMDS Time(s)
2D 1000 11366 16 2.27E-04 23.5 3.56E-04 27.8
2D 2000 23371 18 2.28E-04 85.2 1.16E-03 78.9
2D 3000 35371 19 2.18E-04 200.5 3.43E-04 120.8
2D 4000 47389 19 2.17E-04 333.2 3.41E-04 187.8
2D 5000 59399 20 2.17E-04 526.6 3.44E-04 239.6
Table 3 Results of the proposed methodology to the sensor network localization problem
on 2-dimensional instances of different sizes compared with ESDP with noise.
Dim n m Iter RMDS Time(s)
3D 1500 15551 21 5.36E-04 65.5
3D 3000 31554 28 5.57E-04 312.8
3D 4500 47551 29 5.45E-04 619.0
3D 6000 63551 29 5.63E-04 1065.6
3D 7500 79569 32 5.63E-04 1797.5
Table 4 Results of the proposed methodology to the sensor network localization problem
on 3-Dimensional instances of different sizes with noise.
From the results reported in the tables, it is evident that the presence of
noise significantly increases the difficulty of the problem for Algorithm 2. Not
only the number of variables in the dual problem increases in respect to the
noiseless problem, but also the time needed to reach a solution increases and
the precision of the solution is less accurate.
Algorithm 2 still compares well in respect to ESDP. From the CPU times
comparison it is evident that ESDP stops very early in noise affected instances
when it founds a good enough approximation of the solution. This is also
reflected with its better CPU time performances even in comparison to the
noiseless problem. On the other hand, the fact that the ESDP stops early
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affects the accuracy of the solution. As a matter of fact, Algorithm 2 has better
performances than ESDP in terms of accuracy in all the analyzed instances.
From the results it emerges that Algorithm 2 reaches a good approximation
of the real solution in reasonable time in the all the 100 analyzed instances,
even in the ones affect with noise, therefore showing a certain level of reliability
even in its prototype version in Matlab.
6 Conclusions
We presented an interior points method framework for canonical duality theory
that converges under mild assumptions. The framework in this paper not only
has really favorable convergence proprieties, but it is also general, able to
handle large sized problems efficiently with a good level of reliability and
compares well in respect to the benchmark.
In our view, these results constitute an important step for several topics
in optimization. The new findings of this paper indicate that it is possible to
adapt interior points methods to the problems reformulated with canonical
duality. Therefore other popular interior points methods such as primal-dual
methods could be used to solve problem (1) and find the global solution of
many non-convex optimization problems efficiently.
There are also several applications that can be investigated with the pre-
sented framework. In detail, the maximum cut problem and the radial basis
function neural networks problems can also be solved with canonical duality
[14,25], and the proposed algorithm could be useful to find their global so-
lutions for large sized instances. Furthermore, a more extensive analysis with
high efficiency code can be performed on the SNL problem reformulated with
canonical duality theory.
Acknowledgments
The Author would like to thank Simone Sagratella for his help. Without his
suggestions in the initial conception of this method, it would have been quite
difficult to understand the right path to take in order to create the presented
framework. The Author would also like to thank Professor Stefano Lucidi for
his suggestions in improving the paper.
References
1. Biswas, P., Liang, T. C., Toh, K. C., Wang, T. C., Ye, Y.: Semidefinite programming
approaches for sensor network localization with noisy distance measurements. IEEE Trans-
actions on Automation Science and Engineering, 3, 360–371 (2006)
2. Biswas, P., Ye, Y.: Semidefinite programming for ad hoc wireless sensor network local-
ization, in Proceedings of the third international symposium on information processing in
sensor networks, ACM press, 46–54 (2004)
24 V. Latorre
3. Biswas, P., Ye, Y.: A distributed method for solving semidefinite programs arising from
Ad Hoc Wireless Sensor Network Localization, in Multiscale Optimization Methods and
Applications, 69–84, Springer (2006)
4. Dreves, A., Facchinei, F., Kanzow, C., Sagratella, S.: On the solution of the KKT condi-
tions of generalized Nash equilibrium problems. SIAM J. Optim. 21, 1082–1108 (2011)
5. Facchinei, F., Kanzow, C., Sagratella, S.: Solving quasi-variational inequalities via their
KKT conditions. Math. Prog. Ser. A, 144, 369–412 (2014). doi: 10.1007/s10107-013-0637-0
6. Facchinei, F., Pang, J.-S.: Finite-Dimensional Variational Inequalities and Complemen-
tarity Problems, Volumes I and II. Springer, New York (2003)
7. Gao, D.Y.: Duality principles in nonconvex systems: Theory, methods and applications.
Kluwer Academic Publishers, Dordrecht (2000)
8. Gao, D.Y.: Canonical dual transformation method and generalized triality theory in
nonsmooth global optimization. J. Glob. Optim. 17(1/4), 127–160 (2000)
9. Gao, D.Y.: Duality principles in nonconvex systems: Theory, methods and applications.
Kluwer Academic Publishers, Dordrecht (2000)
10. Gao, D.Y.: Canonical duality theory: theory, method, and applications in global opti-
mization. Comput. Chem. 33, 1964–1972 (2009)
11. Gao, D.Y., Ruan, N., Pardalos, P.M.: Canonical dual solutions to sum of fourth-order
polynomials minimization problems with applications to sensor network localization. In:
Pardalos, P.M., Ye, Y.Y., Boginski, V., Commander, C. (eds) Sensors: Theory, Algorithms
and Applications, Springer (2010)
12. Greville, T., N., E.: Note on the generalized inverse of a matrix product, SIAM Review
8(4), 518–521, (1966)
13. Kim, S., Kojima, M., Waki, H. Exploiting sparsity in SDP relaxation for sensor network
localization, SIAM J. Optim., 20(1) 192–215 (2009)
14. Latorre, V., Gao, D.Y.: Canonical dual solution to nonconvex radial basis neural network
optimization problem. Neurocomputing, 134, 189–197 (2014)
15. Latorre, V., Gao, D.Y.: Canonical duality for solving general nonconvex con-
strained problems. Submitted to Optim. Letters (2014). Preprint available at
http://arxiv.org/pdf/1310.2014.pdf
16. Latorre, V., Sagratella, S., Gao, D. Y. “Canonical Dual Approach for Contact Mechanics
Problems with Friction”. To appear, Mathematics and Mechanics of Solids (2014). Preprint
available at http://arxiv.org/abs/1402.6909
17. Latorre, V., Sagratella, S.: A Canonical Duality Approach for the Solution of Affine
Quasi-Variational Inequalities. J. of Glob. Opt. (2014). doi: 10.1007/s10898-014-0236-5
18. Monteiro, R. D. C. and Pang, J. S.: On two interior-point mappings for nonlinear
semidefinite complementarity problems. Mathematics of Operation Research 23, 39–60
(1998)
19. Monteiro, R. D. C. and Pang, J. S.: A potential reduction Newton method for con-
strained equations. SIAM J. on Optimization 9(3) 729–754 (1999)
20. Nie, J.: Sum of squares method for sensor network localization. Computational Opti-
mization and Applications, 43(2), 151–179 (2009)
21. Rockafellar, R. T.: Monotone operators associated with saddle-functions and minimax
problems. Proc. Pure Math 18, 241–250 (1970)
22. Ruan, N., Gao, D.Y.: Global optimal solutions to a general sensor network
localization problem. to appear in Perform. Eval. (2013) published online at
http://arxiv.org/submit/654731
23. Sturm, J. F.: Using SeDuMi 1.02, a MATLAB toolbox for optimization over symmetric
cones. Optimization methods and software, 11(1-4), 625-653 (1999)
24. Tseng, P.: Second order cone programming relaxation of sensor network localization,
SIAM J. Optim., 18, 156–185 (2007)
25. Wang, Z.B., Fang, S.C., Gao, D.Y., Xing, W.X.: Canonical dual approach to solving
the maximum cut problem. J. Glob. Optim. 54, 341–352 (2012)
26. Wang, Z., Zheng, S., Ye, Y., Boyd, S.: Further relaxations of the semidefinite program-
ming approach to sensor network localization. SIAM Journal on Optimization, 19(2),
655-673 (2008)
27. Wu, C., Li, C., Gao, D. Y.: Canonical Primal-Dual Method for Solving Non-convex
Minimization Problems, arXiv preprint arXiv:1212.6492 (2012)
